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pH I Abstract 

This paper deals with p-branes with small but non-zero tension. We prove the existence 
of canonical transformations, within a perturbation theory, that link specific geometries of p- 
branes to solvable theories, namely string-like and particle-like theories. The specific shapes 
correspond to stretched configurations. For configurations linked to string-like theories one will 
upon quantization get a critical dimension of (25+p). 

^ '■ 1 Introduction and framework 



The theories that describe relativistic p-branes are known to be quite complicated. For p = 0,1 one 
can solve the equations of motion in a flat background, but for p > 2 one cannot do this. For p = 2 



. i.e. membranes, one can instead make a reduction [11 [21 [3] which yields a maximally supersymmetric 
^ ! Matrix-theory [H [H [6]. This theory has many interesting features and is conjectured to give all 
microscoptic degrees of freedome for M-theory [3, [HI El [lO]. But, for p > 3 one does not know any 
O ! such reduction. 

In this paper we follow another path. We are interested in p-branes with small tension and 
specific geometries. These geometries correspond to stretched p-branes for which p — 1, or p, are 
large dimensions. For such configurations we will show that one may set up a perturbation theory 
^ ■ around a solvable model and which makes it possible to solve the equations of motion. The stretched 
d ' configurations are connected to the zero tension limit. For the string, the zero tension limit was first 
discussed in [TT] . Furthermore, such limits have been discussed for Dp-branes as well, [121 [T31 [S] , in 
which tensile non-interacting strings arise. The tensionless limit of p- branes are interesting in the 
same way as the tensionless limit of string theory, being relevant for a high energy description of the 
theory. 

Here, we will generalize the results of [T51 [TBI [T7] to hold also for p-branes. We will show that 
p-branes with small tension and stretched geometries can, in general, be described by perturbing free 
tensile string- or particle-like theories. They differ from regular string and particle theories since the 
embedding fields depend on p + 1 world-hypervolume parameters. 

Our main result is to prove that one can, within perturbation theory, solve exactly the theory by 
canonically transforming to a free theory. A consequence of our result is that one can canonically 
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relate a p-brane and a (p — 6)-brane-like theory for arbitrary b. These relations hold when the tensions 
are small and the branes are stretched. 

Our starting point is the Dirac action [IB] for the bosonic p-brane i flat space-time. This theory 
has p+1 constraints due to the reparametrization invariance. The constraints found from this action 
are 

00 = ^ [V^ + T^detihab)] ~0 

0, = VudaX^'^O, (1.1) 

where Vu are the canonical momenta, [/ = 0, . . . , — 1 is the spacetime index, a,b = 1, . . . ,p are the 
space-like directions of the p-brane and hat = daXud^X^ . The constraints are first class and satisfy 
the Poisson bracket algebra 

{0a(o,06(O} = 4>mda6{i-o+m')dM-o 

{0a(O,0o(n} = [M0+MO]da5{i-O 

{0o(o, MO} = Kp^::Z ['^''^-'^ ■ • • • ■ K'^io + (e - o] OaM - a- (i-2) 



One could also define a BRST-charge for the theory which yields that it is a rank p theory 

Let us choose a partial gauge by fixing one of the space-like reparametrization invariances. We 
do this in the same way as in [15] by gauging one of the space-like parameters of the hypervolume 
to be proportional to one of the space-like directions in space-time. Let us for simplicity choose the 
p'th variable and the d—1 direction, xi = X^~^ — k^^ ^ 0. This will yield the remaining constraints 



1 
2 

V^da'X'^ ^ 0, (1.3) 







where h'^^^ = daX^^dbX^, a',b' = 1, . . . ,p — lo and where /c is a constant. Computing the Poission 
brackets between the constraints yields that they form a closed Poisson bracket algebra. Let us study 
the algebra and constraints by assuming that k is large and Tp small such that T^k"^ = T^^^ is fixed 
and finite. We have then that the two first terms of 0o and 0^/ describe a regular (p — l)-brane. Thus, 
Tp_i can be interpreted as the tension for a (p — l)-brane-like theory, which has one extra world- 
hypervolume dependence compared to a regular {p — l)-brane. The resulting theory is, therefore, a 
{p — l)-brane-like theory with a non-trivial perturbation. 

In order to solve the (p — l)-brane theory we need to make further simplifications in order to 
relate it to a solvable theory. We will in the next sections discuss two possibilities, one in which 
the p-brane has a shape such that may be related to string-like theory and one in which it may be 
related to a particle-like theory. 

2 A perturbed bosonic string-like theory for stretched p- 
branes 

Let us fix (p — l)-constraints by 

XI = X^-' - ^ 0, (2.1) 



^We will henceforth skip the prime on hab 
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where / 



1. The constraints left are 

P-i 



i=0 



har. 



E 

ji,...,ji=2 



,31, 



■-bi,...,bp-i,ji,...,ji 



i=2 J 



01 = V,d,X^^^O, 

where ha,'' = da.X^d^^X^ and e^^'; 
bracket algebra 

{01 (0,01(0} 
{0i(O,0o(O} 



bp 



(2.2) 

The constraints satisfy a closed Poisson 



+ 



[0i(o+0i(n]5i5(e-o 

pX^0iP^9.x^(O5.5(e-O 



i=2 



{00(0,00(0)} 



(p 



X 



p-1 

E 

i=0 

[01^a2 

2 



2. 2i 



E 



ai ,...,a. 
^I,b2, 



b2 



■ha 



(O + (e-0)l5a.5(e-0 



+ E ^ [(^^'^) ^^0(0 + (^ - 0)] 9.5(e - 0). 



(2.3) 



i=2 



Eqs. (12. 2p and (12.31) are exact expressions for the p-brane i.e. they hold without any assumptions 
beeing made. The two remaining contraints are first-class, corresponding to the two remaining 
reparametrizations, of which one is time-like. We will in the rest of the section assume k to be 
large and Tp small such that Tpk^^^~^^ = Tf is fixed, even in the limit k ^ oo and Tp 0. Then 
Ti can be interpreted as the tension of a string-like theory with trivial dependence on the other 



P2 + f 2 {diXf 



9^ 



world-hypervolume parameters. The constraints are of the form 0o 

and 01 = Vfj,diX'^ where g <^ 1, so that the additional dependence on the world-hypervolume can be 
treated perturbatively. As X^^^ = A;^^"^^^', we see that X^~^ will be large, so that the perturbation 
theory assumes brane-shapes with p — 1 large dimensions. We will proceed as in [16] solving the 
theory by successive canonical transformations. First, we gauge fix completely by 

Xo = P+-1^0 

Xi = X+-O~0, (2.4) 

where we have defined lightcone coordinates by = ■^{A^±A^). Furthermore, we have set 
Ti 



1. The Hamiltonian we take as the momentum in the V direction, 

H = - [ (Fe.V~. 



(2.5) 

To determine V~ one uses eq. (12. 4p in eq. (12. 2p . One then follows the steps in [16], solving the 
unperturbed theory, i.e. the string-like theory. The unperturbed Hamiltonian is of the form 



:2.6) 



(a),m 
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where (a) = (J; rij) and (—a) = (/; —Ui). Ui comes from the the dependence on the additional world- 
hypervolume parameters. As the unperturbed Hamiltonian is of the same form as in [TB], one can 
use the results in the paper to show that to any order in perturbation theory there exists a canonical 
transformation which maps the perturbed Hamiltonian to the unperturbed one. As an example, a 
generic term to any finite order has the form 



M 



= ■■■■■■■ ^^'^'^K)^'""'^^'^^ (2.7) 



r j=0 



where H(^r) has modenumber r in the ^^-direction. The part of the infinitesimal canonical transfor- 
mation which solves the equation 



{Ho,Gn} = —Hn, (2. 



needed to transform away Hjy is 

M j 



= E E E (2«^0 ■ • • • ■ (2"o"0 ■ • • • ■ 'i'^' 

„j.n o— n I — n v \ / 



rj^O j=0 fc=0 
r(ai), •••,(%■) 

\ / ) j=0 k=0 ^ ^ 

X (2.9) 

where K = kjq^ / (2kial) and ki is some fixed vector such that /c/Oq ^ 0. This shows, by construction, 
that one can find, to all finite orders, canonical transformations that map the perturbed Hamiltonian 
to the unperturbed string-like one. We could here also have taken another path by defining a BRST 
charge for the constraints in eq. (12.21) . By using results on the BRST cohomology [17], one can again 
prove the canonical equivalence. The end result is the same but not as explicit as above. 



3 Particle-like theories from stretched ^^-branes 

In this section we fix all but one of the constraints and show how one connect the theory to a particle- 
like theory. Fix the gauge as in eq. (12.11) . but now with I = 1, . . . ,p. The only constraint left is the 
Hamiltonian constraint which generates time-like residual reparametrizations 




and satisfies the algebra 
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If one chooses Tp -C 1 and k ^ 1 such that T^k'^^ = im? is fixed and non-zero, the constraint 
is of the form ipo = \ {V^ + m^) + g {. . .) where g = k~^ <^ 1. Therefore, the unperturbed theory 
describes an infinite set of non-interacting particles. By eq. fl2.1l) this requires p large dimensions of 
the brane. 

We will now show that one can map the perturbed theory to the unperturbed one by canon- 
ical transformations in the same manner as in the previous section. We fix, therefore, the gauge 
completely by 

The Hamiltonian for the theory can be choosen to be proportional to 



(3.3) 



H 



j dFi^V^ + m^ + gA 



where 



A 



m 



E 

i=l 



9^ 

iiv,ii=i 

Since 1 we have g 1, one can expand eq. (13. 4p to get 

H = 



ai,...,ap-i,ji,...,]i 
bi,...,bp-i,ji,...,ji 



(3.4) 



[V^Xn" ■ (3.5) 



i=l 



3=0 



A 



(3.6) 



where the unperturbed part of the Hamiltonian is Hq = y/V^ + m^. Hq satisfies 

{Ho,V'} = 



(3.7) 



We can define K2 = J dP^ {kiX^) VV^ + m^. It satisfies {Ho,K2} = -1, provided kjV^ 7^ 0, 
which we assume. We now have all the tools needed to determine the solution to all finite orders in 
perturbation theory. The perturbation will, to all orders, be polynomials of X^ and derivatives of 
X^ . Furthermore, it will involve polynomials which have zero Poisson bracket with the Hamiltonian, 
, derivatives of , l/y^V"^ + and (fc/Pg^) . To simplify the problem, one can make a Fourier 
expansion of the variable dependence of the fields. Let us show the explicit solution to a generic term 

M 

TT _ \ ^ y y Tj{°-\)^---Ao-i) (o Q\ 

rlN - 2^ A(_aj) ■ . . . ■ (3.8) 

j=0 

where the index (a) is a collective index for (I^rii) and {—a) = (/; —Ui). This term may be trans- 
formed away by a canonical transformation generated by 



G 



N 



M j 

EE 

j=0 k=0 



1 



k + l\k 



K. 



k+l 



-Pi, 



:exp (inij^^) 



-P. 



2 I ^2 



exp {irikj^^) I X, 



^(-Ofc+l) 



(ai),...,(aj) 



(3.9) 
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We have thus shown that the perturbed Hamiltonian can be mapped to the unperturbed one by 
successive canonical transformations. 

4 Further results and quantization 

In the previous sections we have shown that stretched p-branes are canonically equivalent, within a 
perturbation theory, to either a free string-like theory, or to a free particle-like theory. We can use 
this result to show the canonical equivalence between a stretched p-brane with small tension and a 
stretched [p — fe)-brane-like theory with a small tension. 

The stretched {p — 6)-brane is canonically equivalent to an unperturbed string- or partice-like 
theory for small {p — 6)-brane tension. This requires p — b — 1, or p — b for the particle case, 
large dimensions. This result holds clearly also if we add trivial dependence on additional world- 
hypervolume parameters. Thus, we can canonically link a (p — fe)-brane-like theory to a string- or 
particle-like theory. As the stretched p-brane is canonically equivalent to the string- or particle-like 
theory for small tensions as well, one can use the inverse canonical transformation to show that the 
p-brane and the {p — 6)-brane-like theories are canonically equivalent. This requires p—1, or p, large 
dimesions for the p-brane and p — b— l,OTp — b, large dimensions for the {p — 6)-brane-like theory. 

Let us also briefly discuss the quantization of the p-branes and, furthermore, consider the case 
where the unperturbed theory is the string-like theory. The quantization procedure follows, straight- 
forwardly, from [16]. One defines a vacuum and a normal ordering from the solutions of the free 
string-like theory. Then one makes the inverse infinitesimal canonical transformation, which clas- 
sically is equal to the p-brane theory up to some order, and which defines a quantum theory for 
the p-brane perturbatively. This procedure yields, among other things, a non-trivial ordering of the 
operators. This ordering will imply the existence of a critical dimension coming from the one for the 
bosonic string. One finds the critical dimension for a consisitent quantum theory of the p-brane to 
he d = 25 + p. A further result, is the mass-spectrum, which as shown in [16], will get a constant 
shift compared to the string spectrum. This holds to all non-zero orders in perturbation theory. 

For the case when the unperturbed theory is particle-like, we will not get a critical dimension. 
Thus, the two possibilities that we have treated are not equivalent at the quantum level. This is 
perhaps not surprizing as we quantize around two different types of geometries. 

Acknowledgements. 

S.H. is partially supported by the Swedish Research Council under project no. 621-2005-3424. 

References 

[1] J. Goldstone, unpublished. 

[2] J. Hoppe, Quantum theory of a massless relativistic surface and a two-dimensional bound state 
problem, PhD thesis, MIT, 1982 

[3] B. de Wit, J. Hoppe and H. Nicolai, Nucl. Phys. B 305 (1988) 545. 

[4] R. Flume, Annals Phys. 164 (1985) 189. 



6 



[5] 
[6] 
[7] 



M. Claudson and M. B. Halpern, Nucl. Phys. B 250 (1985) 689. 

M. Baake, M. Reinicke and V. Rittenberg, J. Math. Phys. 26 (1985) 1070. 

T. Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D 55 (1997) 5112 
[ arXiv : hep^/96 10043 ] . 



L. Susskind, arXiv : hep-th/9704080 



[9] 
[10] 

[11] 
[12] 

[13] 

[14] 

[15] 
[16] 
[17] 
[18] 
[19] 



A. Sen, Adv. Theor. Math. Phys. 2 (1998) 51 [ arXiv : hep-th/9709220 ] 



N. Seiberg, Phys. Rev. Lett. 79 (1997) 3577 [ |arXiv:hep-th/9710009j . 
A. Schild, Phys. Rev. D 16 (1977) 1722. 



U. Lindstrom and R. von Unge, Phys. Lett. B 403 (1997) 233 [ jarXiv : hep-th/970405 l|] . 
H. Gustafsson and U. Lindstrom, Phys. Lett. B 440 (1998) 43 [ [arXiv : hep^/9807064| ] . 



U. Lindstrom, M. Zabzine and A. Zheltukhin, JHEP 9912 (1999) 016 



[ arXiv : hep-th/9910159 ] . 



J. Bjornsson and S. Hwang, Nucl Phys. B 689 (2004) 37 [ arXiv : hep-th/0403092 ] . 



J. Bjornsson and S. Hwang, Nucl Phys. B 727 (2005) 77 [ ]arXiv : hep^th70505269 J . 



J. Bjornsson and S. Hwang, Nucl Phys. B 736 (2006) 156 [ [arXiv:hep-th/05 11217] ] 
P. A. M. Dirac, Proc. Roy. Soc. Lond. A 268 (1962) 57. 
M. Henneaux, Phys. Lett. B 120 (1983) 179. 



7 



